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In this paper, the normal forms and the related coefficients, of high dimensional inner
resonant systems, are explored. Using a recently developed approach, calculations of
normal forms (especially the related coefficients) are much easier, compared to the existing
methods. A general four dimensional system with two pairs of pure imaginary eigenvalues
is used as an example, and normal forms in resonant model p :q are determined. The
coefficients of normal forms related to different possible resonant models; namely, 1:2, 1:3,
1:4, 2:1, 3:1 and 4:1, are considered. The theory presented here can be applied to other
higher order inner resonant cases as well.
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1. INTRODUCTION

Consider the system

ż=Az+F 2(z)+F 3(z)+h.o.t, (1)

where z$Cn; A is a matrix; Fm$Hm
n , and Hm

n is a vector space of homogeneous polynomials
of degree m and is described by n variables; ‘‘h.o.t’’ means higher order terms;
m=2, 3, . . . , n; Fm =(Fm

(1) Fm
(2) · · · Fm

(n))T and

F 2
(p) = s

s1 + s2 + ···+ sn =2

as1s2···sn(p)zs1
1 zs2

2 · · · zsn
n ,

F 3
(p) = s

s1 + s2 + ···+ sn =3

as1s2···sn(p)zs1
1 zs2

2 · · · zsn
n ,

Fn
(p) = s

s1 + s2 + ···+ sn = n

as1s2···sn(p)zs1
1 zs2

2 · · · zsn
n .

Suppose these are l(2l= n) pairs of pure imaginary eigenvalues for the linearized part of
equation (1). Let A=diag (iv1, iv2, . . . , ivl , iv, −iv2, . . . , −ivl ), where vk are the
eigenvalues. Here, it is assumed that A is diagonalizable. Then, normal forms of order k

* Also affiliated with Eastern Mediterranean University, G. Magusa, Mersin IO, Turkey.

0022–460X/98/240739+18 $25.00/0/sv981527 7 1998 Academic Press Limited



. .   .740

are composed of resonant monomials of order k [2]. A system is said to have inner
resonance, if it satisfies

s
l

i=1

me
i v=0, e=1, 2, . . . , M; MQ 1, (2)

where

me
i $Z, s

l

i=1

=me
i =$ 0.

Further, if

s
l

i=1

=me
i =Q 4,

it is called lower order inner resonance.
Two facts make researches on lower order inner resonance interesting. Firstly, many

cases of lower order inner resonances exist in real engineering systems, especially in high
dimensional nonlinear systems. Secondly, when a system has lower order inner resonance,
both its higher order and lower order normal forms are affected. On the other hand,
higher order inner resonance do not change lower order normal forms, which are more
important for studying characteristics of the system, such as stability. Thus, when
calculating the lower order normal forms, there is no need to consider higher order inner
resonance.

It is well accepted that the existing high dimensional normal form theory is too
cumbersome to use, especially for the calculations of the coefficients of normal forms. The
theory has to employ some modern but very abstract mathematical theories (such as the
representation theory and adjoint operator methods [2]) to obtain the normal forms and
the related coefficients. Above all, calculation of the coefficients related to the normal forms
poses especially serious difficulties. Some high dimensional systems without lower order
inner resonance have been studied [1, 2, 9]. Certain particular high dimensional systems
with lower order inner resonances have been investigated [3, 4, 7, 8]. In spite of the efforts,
there still exists no single general method, and all approaches seem to be too cumbersome
to use. In this paper, a general method is proposed. The systems with inner resonance, both
lower and higher order inner resonances, are examined through a modified normal form
approach. This approach is conveniently applicable to higher dimensional systems with
different inner resonances. Using MAPLE, the calculations of both basic terms of normal
forms and the associated coefficients are carried out readily, and are easier than any of
current approach. Furthermore, it is shown that the results of the existing normal form
theory are identical to those of the modified approach.

In the following section, a general theory is presented, which forms the basis of our
analysis and can also be applied to higher order inner resonant cases. This theory is based
on earlier work [5, 6] and can be considered as an extension of reference [6]. Following
the general theory, the effects of lower order inner resonance, where

s
l

i=1

=me
i =Q 4,
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on lower order normal forms are discussed. Then, higher order inner resonance in a
degenerate system, where

s
l

i=1

=me
i =Q 6,

is examined.
In our analysis, a general four dimensional system with two pairs of pure imaginary

eigenvalues is studied as an example. In lower order inner resonant cases, where

s
l

i=1

=me
i =Q 4,

according to equation (2), there are five possible resonant models. They are: (1) v1 =2v2,
(2) v1 =3v2, (3) v2 =2v1, (4) v2 =3v1, (5) v1 =v2.

In this paper, the first four resonant models are considered in Section 3, and the fifth
one can be examined by similar procedure. Using MAPLE, the normal forms and the
related coefficients and transformation functions, in different resonant models, are
obtained in seconds.

In higher order inner resonant cases, where

s
l

i=1

=me
i =Q 6

according to equation (2), there are seven possible resonant models. They are: (1) v1 =2v2,
(2) v1 =3v2, (3) v1 =4v2, (4) v2 =2v1, (5) v2 =3v1, (6) v2 =4v1, (7) v1 =v2.

Again, in this paper, the first six resonant models are discussed in Section 4, and the
seventh one can be examined by a similar procedure. Using MAPLE, the normal forms
and the related coefficients and transformation functions, in different resonant models, are
obtained in seconds.

2. GENERAL THEORY

Consider equation (1). Suppose there are different inner resonances in equation (1) and
the resonant conditions are given by equation (2).

Introduce a near identity transformation

z= y+P2(y), P2$H2
n , (3)

where P2(y) is an undefined function, which will be determined such that the terms of order
2 in the transformed form will be simplified as resonant polynomial of order 2.

Substituting equation (3) into equation (1) results in

ẏ=Ay+F 2
1 (y)+F 3

1 (y)+h.o.t, (4)

where F 2
1 =F 2 +AP2 −DP2Ay; F 3

1 =F 3 +DF 2P2 −DP2F 2
1 .

Now, introduce another near identity transformation,

y= x+P3(x), P3$H3
n , (5)

where P3(x) is an undefined function, which will be determined such that the terms of order
3 in the transformed form will be simplified as a resonant polynomial of order 3.
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Substituting equation (5) into equation (4) leads to

ẋ=Ax+F 2
1 (x)+F 3

2 (x)+h.o.t, (6)

where F 3
2 =F 3

1 +AP3 −DP3Ax.
Suppose Fk

k−1(x)=Gk(x) (k=2, 3, . . .) in equation (6), where Gk(x) are the resonant
polynomials of order m. Solving P2(y) from F 2

1 (y, P2)=G2(y); substituting P2(y) into
F 3

1 (y, P2) defines F 3
1 as F 3

1 (y). Then solving P3(x) from F 3
2 (x, P3)=G3(x); the coefficients

in G3(x) can be determined. This is the basic procedure of the existing normal form theory.
In order to determine the normal forms and the related coefficients more conveniently,

introduce the transformation

x=eAtu (7)

into equations (6) to obtain

u̇=e−At[F 2
1 (eAtu)+F 3

2 (eAtu)]+h.o.t, (8)

where

eAtu= 2 el1tu1

· · · · ·
elntun 3.

Suppose the mth row of

Fk
k−1(x) is Fk

k−1(m)(x)= s
s̄= k

ak−1
s1s2···sn(m) t

n

i=1

xsi
i ;

then, e−AtF k
k−1(m) (eAtu) can be expressed as

e−AtF k
k−1(m)(eAtu)= s

s̄= k 0e−lmtak−1
s1s2···sn(m) t

n

i=1

esilitusi
i 1

= s
s̄= k 0ak−1

s1s2···sn(m) exp0−lm + s
n

i=1

sili1t t
n

i=1

usi
i 1, (9)

where ak−1
s1s2···sn(m) are the coefficients of transformed functions Fk

k−1(m)(x); s̄= s1 + s2 + · · · +
sn .

According to the assumption Fk
k−1(x)=Gk(x), functions Fk

k−1(x) are composed of
resonant monomials, in which

−lm + s
n

i=1

sili =0, (10)

where m=1, 2, . . . , n.
According to equations (8), (9) and (10), one has

e−AtF k
k−1(eAtu)=Fk

k−1(u)=M
t

{e−AtF k
k−1(eAtu)} (11)

and

u̇=M
t

{e−At[F 2
1 (eAtu)+F 3

2 (eAtu)]}+h.o.t

=F 2
1 (u)+F 3

2 (u)+h.o.t,
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where M
t

{f(u, t)} denotes explicit time averaging of function f(u, t), in which

M
t

{f(u, t)}=M
t

{e−AtF k
k−1(eAtu)}=

1
(2p)l g

2p

0 g
2p

0

· · · g
2p

0

e−AtF k
k−1(eAtu) df1 · · · dfl

where fi =vit. Similarly, one has

eAtF k
k−1(e−Atu)=Fk

k−1(u). (12)

Thus, equation (8) can be expressed as

u̇=G2(u)+G3(u)+h.o.t. (13)

Introducing transformation u=e−Atz into equation (13), according to equation (12), one
has

ż=Az+G2(z)+G3(z)+h.o.t. (14)

This is a normal form of equation (1).
It is evident that the results of the existing normal form theory are identical to those

of the new approach. Consider the following relations:

e−At(DPkA eAtu−APk)=
1

1t
[e−AtPk(eAtu)], Fk

k=1Fk
k−2 +APk −DPkAx. (15)

Then, one has

e−AtF k
k−1(eAtu)+

1

1t
[e−AtPk(eAtu)]= e−AtF k

k−2(eAtu). (16)

Suppose the mth row of Pk(x) is Pk
(m)(x), then, the arbitrary term in polynomial

e−AtPk
(m)(eAtu) can be expressed as

e−lmtbk
s1s2···sn(m) t

n

i=1

s̄= k

esilitusi
i = bk

s1s2···sn(m)exp0−lm + s
n

i=1

sili1t t
n

i=1

s̄= k

usi
i ,

where bk
s1s2···sn(m) are the coefficients of functions Pk

(m) (x).
The above equation and equation (10) lead to

M
t 6 1

1t
[e−AtPk(eAtu)]7=0.

According to equation (16), one has

M
t

{e−AtF k
k−1 (eAtu)}=M

t
{e−AtF k

k−2(eAtu)}. ( 17)

From equations (11) and (17), one has

Gk(u)=
1

(2p)l g
2p

0 g
2p

0

· · · g
2p

0

e−AtF k
k−2(eAtu) df1 · · · dfl . (18)
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According to equation (16), one has

Pk(u)= e−AtPk(eAtu)=t=0

=g e−At(Fk
k−2(eAtu)−Fk

k−1(eAtu)) dt=t=0 =g [e−At(Fk
k−2(eAtu))−Gk(u)] dt=t=0. (19)

According to equations (2) and (10), in the inner resonant case, resonant monomials
consist of terms satisfying

2vj + s
l

i=1

(mi − ni )vi =0,

s
l

i=1

me
i vi =0, e=1, 2, . . . , M, MQ l. (20)

This condition can be written as De =0.
Let Gk(u)= (Gk

(1) Gk
(2) · · · Gk

(n))T; then, Gk
(p)(u) can be expressed as

Gk
(p)(u)= s

M

e=1

s
De =0

m̄= k

ak−2
m1···mkn1···nk(p) t

l

q=1

umq
q ūnq

q , (21)

where

m̄= s
l

i=1

(mi + ni );

ak−2
m1···mkn1···nk(p) are the coefficients in function Fk

k−2(u).
Solving equation (16) for Pk(u), one has

F J
G Gs

d−v1 $ 0

m̄= k

1
d−v1

ak−2
m1···mkn1···nk(1) t

l

q=1

umq
q ūnq

q

G G
G G

· · · · · ·G G
G G
G Gs

d−vl $ 0

m̄= k

1
d−vl

ak−2
m1···mkn1···nk(k) t

l

q=1

umq
q ūnq

q

G G
G G
G GPk(u)= s

d+v1 $ 0

m̄= k

1
d+v1

ak−2
m1···mkn1···nk(l+1) t

l

q=1

umq
q ūnq

q
, (22)

G G
G G
G G· · · · · ·
G G
G G

s
d+v1 $ 0

m̄= k

1
d+vl

ak−2
m1···mknl···nk(2l) t

l

q=1

umq
q ūnq

qG G
f j

where

d= s
l

i=1

(mi − ni )vi , ke 2.
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When l=2, suppose there are p :q resonances, equation (20) can be expressed as

2vj +mv1 + nv2 =0,
v1

v2
=

p
q

, (23)

where, vj =v1, v2.
Equation (21) leads to

F Js
m̄= k

d−w1 =0

ak−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2G G
G G
G G
G Gs

m̄= k

d−w2 =0

bk−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2

G G
G G
G GGk(u)= s

m̄= k

d+w1 =0

ck−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2
, (24)

G G
G G
G G

s
m̄= k

d+w2 =0

dk−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2G G
G G
f j

where ak−2
m1m2n1n2

, bk−2
m1m2n1n2

, ck−2
m1m2n1n2

, and dk−2
m1m2n1n2

are the coefficients in function Fk
k−2(u).

According to equation (23), this result can be expressed in another form. If vj =v1,
equation (23) becomes (m−1)p+ nq=0. The solutions of this equation are: m=1,
n=0; m=1+ s, n=(−(p/q)s). The resonant monomials can be expressed as

g1 u1g11(u1ū1, u2ū2, uq
1 ūp

2 )+ up
2 ūq−1

1 g12(u1ū1, u2ū2, ūq
1up

2 )

g2 u2g21(u1ū1, u2ū2, uq
1 ūp

2 )+ up+1
2 ūq

1g22(u1ū1, u2, ū2, ūq
1up

2 )G
G

G

F

f

G
G

G

J

j

G
G

G

F

f

G
G

G

J

j

Gk(u)=
g3

=
ū1g31(u1ū1, u2ū2, uq

1 ūp
2 )+ up

2 ūq+1
1 g32(u1ū1, u2, ū2, ūq

1up
2 )

, (24*)

g4 ū2g41(u1ū1, u2ū2, uq
1 ūp

2 )+ up−1
2 ūq

1g42(u1ū1, u2, ū2, ūq
1up

2 )

where gi1 are any functions of u1ū1, u2ū2 and uq
1 ūp

2 ; gi2 are any functions of u1ū1, u2ū2 and
ūq

1up
2 ; the coefficients of term um1

1 ūm2
1 un1

2 ūn2
2 in functions gk are ak−2

m1m2n1n2
, bk−2

m1m2n1n2
, ck−2

m1m2n1n2
and

dk−2
m1m2n1n2

. Equation (22) leads to

F Js
m̄= k

d−w1 $ 0

1
d−w1

ak−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2G G
G G
G G

s
m̄= k

d−w2 $ 0

1
d−w2

bk−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2G G
G G
G G
G GPk(u)= s

m̄= k

d+w1 $ 0

1
d+w1

ck−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2
. ( 25)

G G
G G
G G

s
m̄= k

d+w2 $ 0

1
d+w2

dk−2
m1m2n1n2

um1
1 um2

2 ūn1
1 ūn2

2G G
G G
f j
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A major difference between the results of this paper and those concerning non-resonant
cases is that normal forms in inner resonant situations have more terms. This difference
is attributed to the fact that there are more resonant monomials in inner resonant cases.
Using existing normal form theory, however, it is hard to obtain these additional terms
and the related coefficients.

The above analysis outlines the underlying theory of using the modified normal form
approach to analyse high dimensional systems with inner resonance. More details about
the modified approach can be found in reference [6].

In the following sections, certain four dimensional systems with two pairs of pure
imaginary eigenvalues and inner resonance are studied as examples.

3. LOWER ORDER NORMAL FORMS (LOWER ORDER INNER RESONANT CASES)

3.1.    v1 =2v2

Only lower order inner resonance is considered here, which means

s
l

i=1

=me
i =Q 4.

Suppose l=2; according to the conclusion given in references [2] and [6], if there is no
inner resonance, the formal normal form of equation (1) is given by

ż1 = iv1z1 + a11z2
1 z̄1 + a12z1z2z̄2, ż2 = iv2z2 + a21z2

2 z̄2 + a22z2z1z̄1. (26)

It contains the first kind of resonant monomials (without inner resonance). To be
distinguished from the above resonant monomials, a second kind is defined. Resonant
monomials fall to the category ‘‘second kind of resonant monomials’’, if their eigenvalues
satisfy

−lk +mv1 + nv2 =0, v1 =2v2,

where lk =2v1, 2v2.
Suppose lk =v1. Above equation can be expressed as

2(m−1)+ n=0.

Thus, the solution of this equation is m=0, n=2, in which m+ nQ 4.
So, the resonant monomial is z2

2 . Similarly,

if lk =−v1, there is a second kind of resonant monomial z̄2
2 ;

if lk =v2, there is a second kind of resonant monomial z1z̄2;

if lk =−v2, there is a second kind of resonant monomial z̄1z2.

Therefore, in complex coordinates, the formal normal form of equation (1) is given by

ż1 = iv1z1 + a11z2
1 z̄1 + a12z1z2z̄2 + a13z2

2 ,

ż2 = iv2z2 + a21z2
2 z̄2 + a22z1z2z̄1 + a23z1z̄2. (27)

Note that the corresponding conjugate equations are not given.
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It is evident that the formal normal form (27) can be obtained directly from equation
(24*). Substituting zj = rj eiuj, j=1, 2 into equation (27) and transforming to polar
coordinates, one has

ṙ1 + ir1(u� 1 −v1)= a11r3
1 + a12r1r2

2 + a13r2
2 ei(2c2 −c1),

ṙ2 + ir2(u� 2 −v2)= a21r3
2 + a22r2r2

1 + a23r1r2 e−i(2c2 −c1),

where uj =vjt+cj . So,

ṙ1 =Re (a11)r3
1 +Re (a12)r1r2

2 − Im (a13)r2
2 sin a1 +Re (a13)r2

2 cos a1,

ṙ2 =Re (a21)r3
2 +Re (a22)r2r2

1 + Im (a23)r1r2 sin a1 +Re (a23)r1r2 cos a1,

u� 1 =v1 + Im (a11)r2
1 +Re (a12)r2

2 +Re (a13)
r2

2

r1
sin a1 + Im (a13)

r2
2

r1
cos a1,

u� 2 =v2 + Im (a21)r2
2 +Re (a22)r2

1 −Re (a23)r1 sin a1 + Im (a23)r1 cos a1,

ȧ1 −2u� 2 − u� 1, (28)

where a1 =2u2 − u1.
According to equation (24), the coefficients related to normal forms can be calculated

by

a0020z2
2 a1

2010z2
1 z̄1 + a1

1101z1z2z̄2

b1001z1z̄2 b1
0201z2

2 z̄2 + b1
1110z1z̄1z2G

G

G

F

f

G
G

G

J

j

G
G

G

F

f

G
G

G

J

j

G2 =
c0002z̄2

2
, G3 =

c1
1020z̄2

1z1 + c1
0111z̄1z2z̄2

,

d0110z̄1z2 d1
0102z2z̄2

2 + d1
1011z1z̄1z̄2

where a1
m1m2n1n2

, b1
m1m2n1n2

, c1
m1m2n1n2

and d1
m1m2n1n2

are the coefficients in function F 3
1 ; am1m2n1n2,

bm1m2n1n2, cm1m2n1n2 and dm1m2n1n2 are the coefficients in function F 2. P2 = (P2
(1) P2

(2) P2
(3) P2

(4))T can
be determined readily through equation (25) as follows:

P2
(1) =

1
v2i

(1
2a2000y2

1 − 1
2a1100y1y2 − 1

6a0200y2
2 + a1010y1y3 − 1

3a0110y2y3 − a1001y1y4

− 1
5a0101y2y4 − 1

2a0011y3y4 − 1
4a0002y2

4 ),

P2
(2) =

1
iv2

(1
6b2000y2

1 + 1
2b1100y1y2 − 1

2b0200y2
2 + 1

5b1010y1y3 + b0110y2y3 + 1
4b0020y2

3

+ 1
3b1001y1y4 − b0101y2y4 + 1

2b0011y3y4),

P2
(3) =

1
iv2

(1
3c2000y2

1 − c1100y1y2 − 1
5c0200y2

2 + 1
2c1010y1y3 − 1

2c0110y2y3 + c0020y2
3

− 1
4c0101y2y4 − c0011y3y4 − 1

3c0002y2
4 ),

P2
(4) =

1
iv2

(1
5d2000y2

1 + d1100y1y2 − 1
3d0200y2

2 + 1
4d1010y1y3 + 1

3d0020y2
3 + 1

2d1001y1y4

− 1
2d0101y2y4 + d0011y3y4 − d0002y2

4 ).

where y1 = z1, y2 = z2, y3 = z̄1, y4 = z̄2.
After simple iteration, F 2

1 =F 2 +AP2 −DP2Ay; F 3
1 =F 3 +DF 2P2 −DP2F 2

1 , the co-
efficients a1

m1m2n1n2
, b1

m1m2n1n2
, c1

m1m2n1n2
and d1

m1m2n1n2
in F 3

1 are determined. Then, the coefficients
in G2 and G3 are determined. Using MAPLE, the formal normal forms and the related
coefficients and the transformation functions Pk are obtained in seconds. To save space,
the related coefficients are not given here.
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It is evident that the normal forms of the systems with inner resonance are quite different
from those of the systems with no inner resonance. In the latter cases, the normal forms
are in the form of ṙ= r(r), while in the former cases, normal forms are in the form of
ṙ= r(r, a1). Therefore, their dynamical behaviours also vary.

When v1 =2v2, there are terms of order 2 in the normal form. Compared to normal
forms of systems with no inner resonance, this is another significant difference. As a result,
for example, the stability of Hopf bifurcation is determined by the terms of order 2.

3.2.    v1 =3v2

If there exists no inner resonance, the formal normal form of equation (1) is given by
equation (26). In the resonant model v1 =3v2, following a similar analysis as above, the
formal normal form is given by

ż1 = iv1z1 + a11z2
1 z̄1 + a12z1z2z̄2 + a2

13z3
2 ,

ż2 = iv2z2 + a21z2
2 z̄2 + a22z2z1z̄1 + a2

23z1z̄2
2 . (29)

Note that the corresponding conjugate equations are not given. Substituting zj = rj eiuj,
j=1, 2 into equation (29) and transforming to polar coordinates results in

ṙ1 + ir1(u� 1 −v1)= a11r3
1 + a12r1r2

2 + a2
13r3

2 ei(3c2 −c1),

ṙ2 + ir2(u� 2 −v2)= a21r3
2 + a22r2r2

1 + a2
23r1r2

2 e−i(3c2 −c1),

where uj =vjt+cj . Then, one has

ṙ1 =Re (a11)r3
1 +Re (a12)r1r2

2 − Im (a13)r3
2 sin a2 +Re (a13)r3

2 cos a2,

ṙ2 =Re (a21)r3
2 +Re (a22)r2r2

1 + Im (a23)r1r2
2 sin a2 +Re (a23)r1r2

2 cos a2,

u� 1 =v1 + Im (a11)r2
1 + Im (a12)r2

2 +Re (a13)
r3

2

r1
sin a2 + Im (a13)

r3
2

r1
cos a2,

u� 2 =v2 + Im (a21)r2
2 + Im (a22)r2

1 −Re (a23)r1r2 sin a2 + Im (a23)r2r1cos a2,

ȧ2 =3u� 2 − u� 1, (30)

where a2 =3u2 − u1.
According to equation (24), the coefficients related to normal form can be calculated by

a1
2010z2

1 z̄1 + a1
1101z1z2z̄2 + a1

0300z3
2

b1
0201z2

2 z̄2 + b1
1110z1z̄1z2 + b1

1002z1z̄2
2G

G

G

F

f

G
G

G

J

j

G2 =0, G3 =
c1

1020z̄2
1z1 + c1

0111z̄1z2z̄2 + c1
0003z̄3

2
,

d1
0102z2z̄2

2 + d1
1011z1z̄1z̄2 + d1

0210z̄1z2
2

where a1
m1m2n1n2

, b1
m1m2n1n2

, c1
m1m2n1n2

and d1
m1m2n1n2

are the coefficients in function F 3
1 .

P2 = (P2
(1) P2

(2) P2
(3) P2

(4))T can be determined through equation (25) as before.

3.3.  

For resonant models 2v1 =v2 and 3v1 =v2, the procedures of the analysis are similar
to those in Sections 3.1 and 3.2. To save space, only the final results are given here and
the details are omitted. For the resonant model 2v1 =v2, the formal normal form can be
obtained in complex coordinates as

ż1 = iv1z1 + a1
2010z2

1 z̄1 + a1
1101z1z2z̄2 + a0110z̄1z2.

ż2 = iv2z2 + b1
0201z2

2 z̄2 + b1
1110z2z1z̄1 + b2000z2

1 . (31)



  749

In polar coordinates, one has

ṙ1 =Re (a1
2010)r3

1 +Re (a1
1101)r1r2

2 + Im (a0110)r1r2 sin a3 +Re (a0110)r1r2 cos a3,

ṙ2 =Re (b1
0201)r3

2 +Re (b1
1110)r2r2

1 − Im (b2000)r2
1 sin a3 +Re (b2000)r2

1 cos a3,

u� 1 =v1 + Im (a1
2010)r2

1 +Re (a1
1101)r2

2 −Re (a0110)r2 sin a3 + Im (a0110)r2 cos a3,

u� 2 =v2 + Im (b1
0201)r2

2 +Re (b1
1110)r2

1 +Re (b2000)
r2

1

r2
sin a3 + Im (b2000)

r2
1

r2
cos a3,

ȧ3 =2u� 1 − u� 2, (32)

where a3 =2u1 − u2.
For the resonant model 3v1 =v2, the formal normal form can be obtained in complex

coordinates as

ż1 = iv1z1 + a1
2010z2

1 z̄1 + a1
1101z1z2z̄2 + a1

0120z̄2
1z2,

ż2 = iv2z2 + b1
0201z2

2 z̄2 + b1
1110z2z1z̄1 + b1

3000z3
1 . (33)

In polar coordinates, one has

ṙ1 =Re (a1
2010)r3

1 +Re (a1
1101)r1r2

2 + Im (a1
0120)r2r2

1 sin a4 +Re (a1
0120)r2r2

1 cos a4,

ṙ2 =Re (b1
0201)r3

2 +Re (b1
1110)r2r2

1 − Im (b1
3000)r3

1 sin a4 +Re (b1
3000)r3

1 cos a4,

u� 1 =v1 + Im (a1
2010)r2

1 +Re (a1
1101)r2

2 −Re (a1
0120)r1r2 sin a4 + Im (a1

0120)r1r2 cos a4,

u� 2 =v2 + Im (b1
0201)r2

2 +Re (b1
1110)r2

1 +Re (b1
3000)

r3
1

r2
sin a4 + Im (b1

3000)
r3

1

r2
cos a4,

ȧ4 =3u� 1 − u� 2.

where a4 =3u1 − u2.
The transformation functions P2 can be calculated through equation (25) as before.

4. HIGHER ORDER INNER RESONANCE IN DEGENERATE SYSTEMS

When the coefficients of lower order normal forms are equal to zero, higher order
normal forms have to be examined. In this case, if

s
l

i=1

=me
i =q 4,

higher order inner resonance must be taken into account as well. Suppose

s
l

i=1

=me
i =Q 6.

Different resonant cases are considered in the following sections.

4.1.    v1 =2v2

If there exists no inner resonance, in degenerate cases, the formal normal form of
equation (1) is given by

ż1 = iv1z1 + a11z2
1 z̄1 + a12z3

1 z̄2
1 + a13z1z2z̄2 + a14z1z̄2

2z2
2 + a15z2

1z2z̄1z̄2,

ż2 = iv2z2 + a21z2
2 z̄2 + a22z3

2 z̄2
2 + a23z2z1z̄1 + a24z2

1 z̄2
1z2 + a25z2

2z1z̄1z̄2. (35)
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In the resonant model v1 =2v2, following a similar analysis as in section 3.1, the formal
normal form of equation (1) is given by

ż1 = iv1z1 + a11z2
1 z̄1 + a12z3

1 z̄2
1 + a13z1z2z̄2 + a14z1z̄2

2z2
2 + a15z2

1z2z̄1z̄2

+ b11z1z̄1z2
2 + b12z2

2 + b13z̄1z4
2 + b14z2

1 z̄2
2 + b15z̄2z3

2 ,

ż2 = iv2z2 + a21z2
2 z̄2 + a22z3

2 z̄2
2 + a23z2z1z̄1 + a24z2

1 z̄2
1z2 + a25z2

2z1z̄2

+ b21z1z̄2 + b22z1z2z̄2
2 + b23z̄1z2

1 z̄2 + b24z2
1 z̄3

2 + b25z̄1z3
2 . (36)

Again, the corresponding conjugate equations are not given here. Substituting zj = rj eiuj,
j=1, 2, into equation (36) and transforming into polar coordinates, one has

ṙ1 + ir1(u� 1 −v1)= a11r3
1 + a12r5

1 + a13r1r2
2 + a14r1r4

2 + a15r3
1r2

2

+ b11r2
1r2

2 eia1 + b12r2
2 eia1 + b13r1r4

2 e2ia1 + b14r2
1r2

2 e−ia1 + b15r4
2 eia1,

ṙ2 + ir2(u� 2 −v2)= a21r3
2 + a22r5

2 + a23r2r2
1 + a24r2r+ a25r3

2r2
1 + b21r1r2 e−ia1

+ b22r1r3
2 e−ia1 + b23r3

1r2 e−ia1 + b24r2
1r3

2 e−2ia1 + b25r1r3
2 eia1,

where uj =vjt+cj and a1 =2c2 −c1. So,

ṙ1 =Re (a11)r3
1 +Re (a12)r5

1 +Re (a13)r1r2
2 +Re (a14)r1r4

2 +Re (a15)r3
1r2

2

− Im (b11)r2
2r2

1 sin a1 − Im (b12)r2
2 sin a1 − Im (b13)r1r4

2 sin 2a1 + Im (b14)r2
2r2

1 sin a1

− Im (b15)r4
2 sin a1 +Re (b11)r2

2r2
1 cos a1 +Re (b12)r2

2 cos a1 +Re (b13)r1r4
2 cos 2a1

+ Re (b14)r2
2r2

1 cos a1 +Re (b15)r4
2 cos a1,

ṙ2 =Re (a21)r3
2 +Re (a22)r5

2 +Re (a23)r2r2
1 +Re (a24)r2r4

1 +Re (a25)r2
1r3

2

+ Im (b21)r2r1 sin a1 + Im (b22)r1r3
2 sin a1 + Im (b23)r3

1r2 sin a1 + Im (b24)r3
2r2

1 sin 2a1

− Im (b25)r1r3
2 sin a1 +Re (b21)r2r1 cos a1 +Re (b22)r1r3

2 cos a1 +Re (b23)r3
1r2 cos a1

+ Re (b24)r3
2r2

1 cos 2a1 +Re (b25)r1r3
2 cos a1,

u� 1 =v1 + Im (a11)r2
1 + Im (a12)r4

1 + Im (a13)r2
2 + Im (a14)r4

2 + Im (a15)r2
1r2

2

+ Im (b11)r1r2
2 cos a1 + Im (b12)

r2
2

r1
cos a1 + Im (b13)r4

2 cos 2a1 + Im (b14)r1r2
2 cos a1

+ Im (b15)
r4

2

r1
cos a1 +Re (b11)r1r2

2 sin a1 +Re (b12)
r2

2

r1
sin a1 +Re (b13)r4

2 sin 2a1

− Re (b14)r1r2
2 sin a1 +Re (b15)

r4
2

r1
sin a1,

u� 2 =v2 + Im (a21)r2
2 + Im (a22)r4

2 + Im (a23)r2
1 + Im (a24)r4

1 + Im (a25)r2
1r2

2

+ Im (b21)r1 cos a1 + Im (b22)r1r2
2 cos a1 + Im (b23)r3

1 cos a1 + Im (b24)r2
1r2

2 cos 2a1

+ Im (b25)r1r2
2 cos a1 −Re (b21)r1 sin a1 −Re (b22)r1r2

2 sin a1 −Re (b23)r3
1 sin a1

− Re (b24)r2
1r2

2 sin 2a1 +Re (b25)r1r2
2 sin a1, (37)

ȧ1 =2u� 2 − u� 1.
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According to equation (24), the coefficients related to normal form can be calculated by

a0020z2
2 a1

2010z2
1 z̄1 + a1

1101z1z2z̄2

b1001z1z̄2 b1
0201z2

2 z̄2 + b1
1110z1z̄1z2

G
G

G

F

f

G
G

G

J

j

G
G

G

F

f

G
G

G

J

j

G2 =
c0002z̄2

2
, G3 =

c1
1020z̄2

1z1 + c1
0111z̄1z2z̄2

,

d0110z̄1z2 d1
0102z2z̄2

2 + d1
1011zz̄1z̄2

a2
1210z1z̄1z2

2 + a2
0301z3

2 z̄2 + a2
2001z2

1 z̄2
2

b2
0310z3

2 z̄1 + b2
1102z1z2z̄2

2 + b2
2011z2

1 z̄1z̄2

G
G

G

F

f

G
G

G

J

j

G4 =
c2

1012z1z̄1z̄2
2 + c2

0103z2z̄3
2 + c2

0220z2
2 z̄2

1
,

d2
1003z1z̄3

2 + d2
0211z2

2 z̄1z̄2 + d2
1120z1z2z̄2

1

a3
3020z3

1 z̄2
1 + a3

1202z1z2
2 z̄2

2 + a3
0410z4

2 z̄1 + a3
2111z2

1z2z̄1z̄2

b3
0302z3

2 z̄2
2 + b3

2120z2
1z2z̄2

1 + b3
2003z2

1 z̄3
2 + b3

1211z2
2z1z̄2z̄1

G
G

G

F

f

G
G

G

J

j

G5 =
c3

2030z2
1 z̄3

1 + c3
0212z̄1z2

2 z̄2
2 + c3

1004z1z̄4
2 + b3

1121z̄2
1z1z2

,

d3
0203z2

2 z̄3
2 + d3

2021z2
1 z̄2z̄2

1 + d3
0320z3

2 z̄2
1 + b3

1112z̄2
2 z̄1z2z1

where a2
m1m2n1n2

, b2
m1m2n1n2

, c2
m1m2n1n2

and d2
m1m2n1n2

are the coefficients in function F 4
2 ; a3

m1m2n1n2
,

b3
m1m2n1n2

, c3
m1m2n1n2

and d3
m1m2n1n2

are the coefficients in function F 5
2 ; P2, P3 and P4 can be

determined readily through equation (25) as before.

4.2.    v1 =3v2

If there exists no inner resonance, the normal form of equation (1) is given by equation
(35). In the resonant model v1 =3v2, following a similar analysis, the formal normal form
in complex coordinates is

ż1 = iv1z1 + a11z2
1 z̄1 + a12z3

1 z̄2
1 + a13z1z2z̄2 + a14z1z̄2

2z2
2 + a15z2

1z2z̄1z̄2

+ b11z1z̄1z3
2 + b12z3

2 + b13z2
1 z̄3

2 + b14z4
2 z̄2,

ż2 = iv2z2 + a21z2
2 z̄2 + a22z3

2 z̄2
2 + a23z2z1z̄1 + a24z2

1 z̄2
1z2 + a25z2

2z1z̄1z̄2

+ b21z1z̄2
2 + b22z2

1 z̄1z̄2
2 + b23z̄1z4

2 + b24z1z2z̄3
2 . (38)

Substituting zj = rj eiuj, j=1, 2 into equation (38) and transforming to polar coordinates,
one has

ṙ1 + ir1(u� 1 −v1)= a11r3
1 + a12r5

1 + a13r1r2
2 + a14r1r4

2 + a15r3
1r2

2 + b11r2
1r3

2 eia2

+ b12r3
2 eia2 + b13r2

1r3
2 e−ia2 + b14r5

2 eia2,

ṙ2 + ir2(u� 2 −v2)= a21r3
2 + a22r5

2 + a23r2r2
1 + a24r2r4

1 + a25r3
2r2

1

+ b21r1r2
2 e−ia2 + b22r3

1r2
2 e−ia2 + b23r1r4

2 eia2 + b24r1r4
2 e−ia2,

where uj =vjt+cj and a2 =3c2 −c1;

ṙ1 =Re (a11)r3
1 +Re (a12)r5

1 +Re (a13)r1r2
2 +Re (a14)r1r4

2 +Re (a15)r3
1r2

2

− Im (b11)r3
2r2

1 sin a2 − Im (b12)r3
2 sin a2 + Im (b13)r2

1r3
2 sin a2 − Im (b14)r5

2 sin a2

+ Re (b11)r3
2r2

1 cos a2 +Re (b12)r3
2 cos a2 +Re (b13)r2

1r3
2 cos a2 +Re (b14)r5

2 cos a2,
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ṙ2 =Re (a21)r3
2 +Re (a22)r5

2 +Re (a23)r2r2
1 +Re (a24)r2r4

1 +Re (a25)r3
2r2

1

+ Re (b21)r2
2r1 cos a2 +Re (b22)r3

1r2
2 cos a2 +Re (b23)r1r4

2 cos a2 +Re (b24)r1r4
2 cos a2

+ Im (b21)r2
2r1 sin a2 + Im (b22)r3

1r2
2 sin a2 − Im (b23)r1r4

2 sin a2 + Im (b24)r1r4
2 sin a2,

u� 1 =v1 + Im (a11)r2
1 + Im (a12)r4

1 + Im (a13)r2
2 + Im (a14)r4

2 + Im (a15)r2
1r2

2

+ Im (b11)r1r3
2 cos a2 + Im (b12)

r3
2

r1
cos a2 + Im (b13)r1r3

2 cos a2 + Im (b14)
r5

2

r1
cos a2

+ Re (b11)r1r3
2 sin a2 +Re (b12)

r3
2

r1
sin a2 −Re (b13)r1r3

2 sin a2 +Re (b14)
r5

2

r1
sin a2,

u� 2 =v2 + Im (a21)r2
2 + Im (a22)r4

2 + Im (a23)r2
1 + Im (a24)r4

1 + Im (a25)r2
1r2

2

+ Im (b21)r1r2 cos a2 + Im (b22)r3
1r2 cos a2 + Im (b23)r1r3

2 cos a2 + Im (b24)r1r3
2 cos a2

− Re (b21)r1r2 sin a2 −Re (b22)r3
1r2 sin a2 +Re (b23)r1r3

2 sin a2 −Re (b24)r1r3
2 sin a2,

ȧ2 =3u� − u� 1. (39)

According to equation (24), the coefficients related to the normal form can be calculated
by

a1
2010z2

1 z̄1 + a1
1101z1z2z̄2 + a1

0300z3
2

b1
0201z2

2 z̄2 + b1
1110z1z̄1z2 + b1

1002z1z̄2
2G

G

G

F

f

G
G

G

J

j

G2 =G4 =0, G3 =
c1

1020z̄2
1z1 + c1

0111z̄1z2z̄2 + c1
0003z̄3

2
,

d1
0102z2z̄2

2 + d1
1011z1z̄1z̄2 + d1

0210z̄1z2
2

a2
3020z3

1 z̄2
1 + a2

1202z1z2
2 z̄2

2 + a2
1310z1z3

2 z̄1 + a2
2003z2

1 z̄3
2 + a2

0401z4
2 z̄2 + a2

2111z2
1z2z̄1z̄2

b2
0302z3

2 z̄2
2+b2

2120z2
1z2z̄2

1+b2
2012z2

1 z̄1z̄2
2 + b2

0410z4
2 z̄1 + b2

1103z1z2z̄3
2 + b2

1211z2
2z1z̄1z̄2

G
G

G

F

f

G
G

G

J

j

G5 =
c2

2030z2
1 z̄3

1 + c2
0212z̄1z2

2 z̄2
2 + c2

1013z1z̄1z̄3
2 + c2

0320z3
2 z̄2

1 + c2
0104z2z̄4

2 + c2
1121z̄2

1 z̄2z1z2
,

d2
0203z2

2 z̄3
2 + d2

2021z2
1 z̄2z̄2

1 + d2
1220z1z2

2 z̄2
1 + d2

1004z1z̄4
2 + d2

0311z3
2 z̄1z̄2 + d2

1112z̄2
2z1z2

where a2
m1m2n1n2

, b2
m1m2n1n2

, c2
m1m2n1n2

and d2
m1m2n1n2

are the coefficients in function F 5
2 ; P2 and P3

can be determined through equation (25) as before.
In this case, since F 5

3 =F 5
2 +DF 2

1P4 −DP4F 2
1 and F 2

1 =G2=0, F 5
3 =F 5

2 , one can
determine G5 directly from function F 5

2 .

4.3.    v1 =4v2

If there exists no inner resonance, the normal form of equation (1) is given by equation
(35). In the resonant model v1 =4v2, following a similar procedure, the formal normal
form in complex coordinates is given by

ż1 = iv1z1 + a11z2
1 z̄1 + a12z3

1 z̄2
1 + a13z1z2z̄2 + a14z1z̄2

2z2
2 + a15z2

1z2z̄1z̄2 + b11z4
2 ,

ż2 = iv2z2 + a21z2
2z�2 + a22z3

2 z̄2
2 + a23z2z1z̄1 + a24z2

1 z̄2
1z2 + a25z2

2z1z̄1z̄2 + b21z1z̄3
2 . (40)

Substituting zj = rj eiuj, j=1, 2, into equation (40) and transforming to polar coordinates,
one has

ṙ1 + ir1(u� 1 −v1)= a11r3
1 + a12r5

1 + a13r1r2
2 + a14r1r4

2 + a15r3
1r2

2 + b11r4
2 eia5,

ṙ2 + ir2(u� 2 −v2)= a21r3
2 + a22r5

2 + a23r2r2
1 + a24r2r4

1 + a25r3
2r2

1 + b21r1r3
2 e−ia5,
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where uj =vjt+cj and a5 =4c2 −c1;

ṙ1 =Re (a11)r3
1 +Re (a12)r5

1 +Re (a13)r1r2
2 +Re (a14)r1r4

2 +Re (a15)r3
1r2

2

− Im (b11)r4
2 sin a5 +Re (b11)r4

2 cos a5,

ṙ2 =Re (a21)r3
2 +Re (a22)r5

2 +Re (a23)r2r2
1 +Re (a24)r2r4

1 +Re (a25)r3
2r2

1

+ Re (b21)r1r3
2 cos a5 + Im (b21)r1r3

2 sin a5,

u� 1 =v1 + Im (a11)r2
1 + Im (a12)r4

1 + Im (a13)r2
2 + Im (a14)r4

2 + Im (a15)r2
1r2

2

+ Im (b11)
r4

2

r1
cos a5 +Re (b11)

r4
2

r1
sin a5,

u� 2 =v2 + Im (a21)r2
2 + Im (a22)r4

2 + Im (a23)r2
1 + Im (a24)r4

1 + Im (a25)r2
1r2

2

+ Im (b21)r1r2
2 cos a5 −Re (b21)r1r2

2 sin a5,

ȧ5 =4u� 2 − u� 1. (41)

According to equation (24), the coefficients related to normal form can be calculated by
G2 =0,

a1
2010z2

1 z̄1 + a1
1101z1z2z̄2 a1

0400z4
2

b1
0201z2

2 z̄2 + b1
1110z1z̄1z2 b1

1003z1z̄3
2G

G

G

F

f

G
G

G

J

j

G
G

G

F

f

G
G

G

J

j

G3 =
c1

1020z̄2
1z1 + c1

0111z̄1z2z̄2
, G4 =

c1
0004z̄4

2

d1
0102z2z̄2

2 + d1
1011z1z̄1z̄2 d1

0310z3
2 z̄1

a2
3020z3

1 z̄2
1 + a2

1202z1z2
2 z̄2

2 + a2
2111z2

1z2z̄1z̄2

b2
0302z3

2 z̄2
2 + b2

2120z2
1z2z̄2

1 + b2
1211z2

2z1z̄1z̄2

G
G

G

F

f

G
G

G

J

j

G5 =
c2

2030z2
1 z̄3

1 + c2
0212z̄1z2

2 z̄2
2 + c2

1121z̄2
1 z̄2z1z2

,

d2
0203z2

2 z̄3
2 + d2

2021z2
1 z̄2z̄2

1 + d2
1112z̄2

2 z̄1z1z2

where a2
m1m2n1n2

, b2
m1m2n1n2

, c2
m1m2n1n2

and d2
m1m2n1n2

are the coefficients in functions F 4
2 and F 5

2 ; P2

and P3 can be determined through equation (25) as before.

4.4.   

For the other three resonant models, 2v1 =v2, 3v1 =v2 and 4v1 =v2, the procedure
is similar to those in sections 4.1, 4.2 and 4.3. To save space, only the final results are given
in this section. For the resonant model 2v1 =v2, the formal normal form in complex
coordinates is given by

ż1 = iv1z1 + a1
2010z2

1 z̄1 + a3
3020z3

1 z̄2
1 + a1

1101z1z2z̄2 + a3
1202z1z̄2

2z2
2 + a3

2111z2
1z2z̄1z̄2

+ a2
3001z̄2z3

1 + a0110z̄1z2 + a2
1120z1z̄2

1z2 + a2
0211z̄1z2

2 z̄2 + a3
0230z̄3

1z2
2 ,

ż2 = iv2z2 + b1
0201z2

2 z̄2 + b3
0302z3

2 z̄2
2 + b1

1110z2z1z̄1 + b3
2120z2

1 z̄2
1z2 + b3

1211z2
2z1z̄1z̄2

+ b2000z2
1 + b2

2101z2
1 z̄2z2 + b2

3010z̄1z3
1 + b3

4001z4
1 z̄2 + b2

0220z̄2
1z2

2 . (42)
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The normal form in polar coordinates is

ṙ1 =Re (a1
2010)r3

1 +Re (a3
3020)r5

1 +Re (a1
1101)r1r2

2 +Re (a3
1202)r1r4

2 +Re (a3
2111)r3

1r2
2

+ Im (a2
3001)r2r3

1 sin a3 + Im (a0110)r1r2 sin a3 + Im (a2
1120)r3

1r2 sin a3

+ Im (a2
0211)r3

2r1 sin a3 + Im (a3
0230)r3

1r2
2 sin 2a3 +Re (a2

3001)r2r3
1 cos a3

+ Re (a0110)r1r2 cos a3 +Re (a2
1120)r3

1r2 cos a3 +Re (a2
0211)r1r3

2 cos a3

+ Re (a3
0230)r3

1r2 cos 2a3,

ṙ2 =Re (b1
0201)r3

2 +Re (b3
0302)r5

2 +Re (b1
1110)r2r2

1 +Re (b3
2120)r2r4

1 +Re (b3
1211)r3

2r2
1

− Im (b2000)r2
1 sin a3 − Im (b2

2101)r2
1r2

2 sin a3 − Im (b2
3010)r4

1 sin a3

− Im (b3
4001)r4

1r2 sin 2a3 + Im (b2
0220)r2

1r2
2 sin a3 +Re (b2000)r2

1 cos a3

+ Re (b2
2101)r2

1r2
2 cos a3 +Re (b3

3101)r4
1 cos a3 +Re (b3

4001)r2r4
1 cos 2a3

+ Re (b2
0220)r2

1r2
2 cos a3,

u� 1 =v1 + Im (a1
3010)r2

1 + Im (a3
3020)r4

1 + Im (a1
1101)r2

2 + Im (a3
1202)r4

2 + Im (a3
2111)r2

1r2
2

+ Im (a2
3001)r2r2

1 cos a3 + Im (a0110)r2 cos a3 + Im (a2
1120)r2

1r2 cos a3

+ Im (a2
0211)r3

2 cos a3 + Im (a3
0230)r2

1r2
2 cos 2a3 +Re (a2

3001)r2r2
1 sin a3

− Re (a0110)r2 sin a3 −Re (a2
1120)r2r2

1 sin a3 −Re (a2
0211)r3

2 sin a3

− Re (a2
0230)r2

1r2
2 sin 2a3,

u� 2 =v2 + Im (b1
0201)r2

2 + Im (b3
0302)r4

2 + Im (b1
1110)r2

1 + Im (b3
2120)r4

1 + Im (b3
1211)r2

1r2
2

+ Im (b2000)
r2

1

r2
cos a3 + Im (b2

2101)r2r2
1 cos a3 + Im (b2

3010)
r4

1

r2
cos a3

+ Im (b3
4001)r4

1 cos 2a3 + Im (b2
0220)r2r2

1 cos a3 +Re (b2000)
r2

1

r2
sin a3

+ Re (b2
2101)r2r2

1 sin a3 +Re (b2
3010)

r4
1

r2
sin a3 +Re (b3

4001)r4
1 sin 2a3

− Re (b2
0220)r2r2

1 sin a3,

ȧ3 =2u� − u� 2, (43)

where uj =vjt+cj and a3 =2c1 −c2.
For the resonant model 3v1 =v2, the formal normal form in complex coordinates is

given by

ż1 = iv1z1 + a1
2010z2

1 z̄1 + a3
3020z3

1 z̄2
1 + a1

1101z1z2z̄2 + a3
1202z1z̄2

2z2
2 + a3

2111z2
1 z̄1z̄2

+ a3
4001z̄2z4

1 + a1
0120z̄2

1z2 + a3
0221z̄2

1z2
2 z̄2 + a3

1130z1z̄3
1z2,

ż2 = iv2z2 + b1
0201z2

2 z̄2 + b3
0302z3

2 z̄2
2 + b1

1110z2z1z̄1 + b3
2120z2

1 z̄2
1z2 + b3

1211z2
2z1z̄1z̄2

+ b1
3000z3

1 + b1
0120z3

1 z̄2z2 + b3
0230z̄3

1z2
2 + b3

4010z4
1 z̄1. (44)
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The normal form in polar coordinates is given by

ṙ1 =Re (a1
2010)r3

1 +Re (a3
3020)r5

1 +Re (a1
1101)r1r2

2 +Re (a3
1202)r1r4

2 +Re (a3
2111)r3

1r2
2

+ Im (a3
4001)r2r4

1 sin a4 + Im (a1
0120)r2

1r2 sin a4 + Im (a3
0221)r2

1r3
2 sin a4

+ Im (a3
1130)r4

1r2 sin a4 +Re (a3
4001)r2r4

1 cos a4 +Re (a1
0120)r2

1r2 cos a4

+ Re (a3
0221)r2

1r3
2 cos a4 +Re (a3

1130)r4
1r2 cos a4,

ṙ2 =Re (b1
0201)r3

2 +Re (b3
0302)r5

2 +Re (b1
1110)r2r2

1 +Re (b3
2120)r2r4

1 +Re (b3
1211)r3

2r2
1

+ Re (b1
3000)r3

1 cos a4 +Re (b3
3101)r3

1r2
2 cos a4 +Re (b3

0230)r3
1r2

2 cos a4

+ Re (b3
4010)r5

1 cos a4 − Im (b1
3000)r3

1 sin a4 − Im (b3
3101)r3

1r2
2 sin a4

+ Im (b3
0230)r3

1r2
2 sin a4 − Im (b3

4010)r5
1 sin a4,

u� 1 =v1 + Im (a1
3010)r2

1 + Im (a3
3020)r4

1 + Im (a1
1101)r2

2 + Im (a3
1202)r4

2 + Im (a3
2111)r2

1r2
2

+ Im (a3
4001)r2r3

1 cos a4 + Im (a1
0120)r1r2 cos a4 + Im (a3

0221)r1r3
2 cos a4

+ Im (a3
1130)r3

1r2 cos a4 +Re (a3
4001)r2r3

1 sin a4 −Re (a1
0120)r1r2 sin a4

− Re (a3
0221)r1r3

2 sin a4 −Re (a3
1130)r3

1r2 sin a4,

u� 2 =v2 + Im (b1
0201)r2

2 + Im (b3
0302)r4

2 + Im (b1
1110)r2

1 + Im (b3
2120)r4

1 + Im (b3
1211)r2

1 r2
2

+ Im (b1
3000)

r3
1

r2
cos a4 + Im (b3

3101)r3
1r2 cos a4 + Im (b3

0230)r3
1r2 cos a4

+ Im (b3
4010)

r5
1

r2
cos a4 +Re (b1

3000)
r3

1

r2
sin a4 +Re (b3

3101)r3
1r2 sin a4

− Re (b3
0230)r2r3

1 sin a4 +Re (b3
4010)

r5
1

r2
sin a4,

ȧ4 =3u� 1 − u� 2, (45)

where uj =vjt+cj and a4 =3c1 −c2.
Similarly, for the resonant model 4v1 =v2, the formal normal form in complex

coordinates is given by

ż1 = iv1z1 + a1
2010z2

1 z̄1 + a3
3020z3

1 z̄2
1 + a1

1101z1z2z̄2 + a3
1202z1z̄2

2z2
2 + a3

2111z2
1z2z̄1z̄2 + a2

0130z2z̄3
1 ,

ż2 = iv2z2 + b1
0201z2

2 z̄2 + b3
0302z3

2 z̄2
2 + b1

1110z2z1z̄1 + b3
2120z2

1 z̄2
1z2 + b3

1211z2
2z1 z̄1z̄2 + b2

4000z4
1 . (46)

The normal form in polar coordinates is

ṙ1 =Re (a1
2010)r3

1 +Re (a3
3020)r5

1 +Re (a1
1101)r1r2

2 +Re (a3
1202)r1r4

2 +Re (a3
2111)r3

1r2
2

+ Im (a2
0130)r3

1r2 sin a6 +Re (a2
0130)r3

1r2 cos a6,

ṙ2 =Re (b1
0201)r3

2 +Re (b3
0302)r5

2 +Re (b1
1110)r2r2

1 +Re (b3
2120)r2r4

1 +Re (b3
1211)r3

2r2
1

+ Re (b2
4000)r4

1 cos a6 − Im (b2
4000)r4

1 sin a6,

u� 1 =v1 + Im (a1
3010)r2

1 + Im (a3
3020)r4

1 + Im (a1
1101)r2

2 + Im (a3
1202)r4

2 + Im (a3
2111)r2

1r2
2

+ Im (a2
0130)r2

1r2 cos a6 −Re (a2
0130)r2

1r2 sin a6,
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u� 2 =v2 + Im (b1
0201)r2

2 + Im (b3
0302)r4

2 + Im (b1
1110)r2

1 + Im (b3
2120)r4

1 + Im (b3
1211)r2

1r2
2

+ Im (b2
4000)

r4
1

r2
cos a6 +Re (b2

4000)
r4

1

r2
sin a6,

ȧ6 =4u� 1 − u� 2, (47)

where uj =vjt+cj and a6 =4c1 −c2.
The transformation functions P2, P3 and P4 can be calculated through equation (25) as

before.
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